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We generalise the notion of fractal interpolation functions (FIFs) to allow data sets of the
form
{(X0iys X2y« +s X Zigsimoin )3 e = 0, L, ., Nk, k=1,2,...,n} =T xR,

where I = [0, 1]". We introduce recurrent iterated function systems whose attractors G are
graphs of continuous functions f : I — R, which interpolate the data. We show that the
proposed constructions generalise the previously existed ones on IR. We also present some
relations between FIFs and the Laplace partial differential equation with Dirichlet boundary
conditions. Finally, the fractal dimensions of a class of FIFs are derived and some methods
for the construction of functions of class C? using recurrent iterated function systems are
presented.

1 Introduction

Fractal interpolation is an alternative to traditional interpolation techniques, which gives
a broader set of interpolants. Using this method, we can construct not only interpolants
with non-integral dimension (as its name implies) but also smooth, non-polynomial inter-
polants, or even splines and Hermite functions (however, most applications make use of
the fractal construction). Its main differences with the traditional interpolation techniques
consist (a) in the definition of a functional relation (see equation (3.5)), that implies a self
similarity in small scales; (b) in the constructive way (through iterations), that it is used
to compute the interpolant, instead of the descriptive one (usually a formula) provided by
the classical methods and (c) in the usage of some parameters, which we call vertical scal-
ing factors, that define the dimension of the interpolant. Fractal interpolation functions
(FIFs) are highly irregular and cannot be described using elementary functions such as
polynomials (excluding the trivial cases where the fractal function is actually a spline or
some other ordinary interpolant). As we mentioned above, they are constructed through
iterations, starting with an arbitrary function. The construction uses the well-known, in
the fractal literature, Deterministic Iterative Algorithm. This algorithm is often used to
construct fractal sets, which are determined through an iterated function system (IFS)



450 P. Bouboulis and L. Dalla

12.5 . . . . . . 12.5
12 12 b
1.5 1.5}
11 11
10.5 10.5
10 10
9.5 9.5
9 9
8.5 - . . . . . . . . 8.5 . . ; . . . . : .
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
(a) (b)
12.5 125
12 12
1.5 115
11 11
10.5 10.5
10 10
9.5 9.5
9 9
8.5 8.5
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

(c) (d)

FIGURE 1. The construction of a fractal interpolation function: (a) the initial arbitrary function;
(b) after one iteration; (c) after five iterations; and (d) after 15 iterations, the approximation of the
fractal interpolant is sufficient.

(a pair consisting of a complete metric space (X, p) together with a finite set of continu-
ous, contractive mappings — see Section 2 for more details). The algorithm starts with an
arbitrary, compact set and applies the maps of the IFS to the set successively (Figure 1).
To obtain the actual fractal interpolant, one need to continue the iterations indefinitely.
However, a small number of iterations usually gives a sufficient approximation.

Fractal interpolation functions have been used in approximation theory, in the modelling
of one-dimensional signals (especially in the case of signals that are highly irregular), in
computer graphics (to construct coastlines, mountain lines, surfaces), in the modelling
of the surfaces of minerals, in image compression, in remote sensing and in other
scientific applications. They were introduced by M. Barnsley [1] as attractors of IFSs.
Later in [3], the construction was generalised with the help of recurrent iterated function
systems (RIFSs). Both constructions, however, involve data points of the form {(x;,z;) €
IxR; i=0,1,...,N}, where I =[0,1]. In the years that followed, several problems of
the construction of FIF were addressed by Barnsley and others. For example, the box-
counting dimension of some types of FIFs were studied in [1, 3, 4, 9, 14], the integrability
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and differentiability were studied in [5] and some other interesting issues were raised in
[10, 13, 15, 18]. Recently, it has been demonstrated that FIFs may be used to generalise
spline functions [7, 19, 20].

Nevertheless, the construction of FIFs remained restricted to the case of one-
dimensional data points. Several attempts were made to construct FISs by Massopust
and others [6, 12, 16, 17] in the case where the interpolation points or the vertical scaling
factors are confined. However, the general problem remains open. In most cases, the
construction uses, either interpolation points, which are restricted to be colinear in the
borders of I = [0, 1]%, or maps with equal vertical scaling factors. Our intention is to gen-
eralise these results to allow arbitrary data points that lie not only on IR? but also on R”".
Thus, in this article, we introduce a way of constructing FIFs that interpolate given data
points of the form {(X1,X24y,--»Xuiys Ziyin.in) € I X Ryip=0,1,..., Ny, k=1,2,...,n},
where I = [0, 1]". The proposed construction makes use of ordinary interpolants of points
of R"! to generate the fractal interpolant of some predefined points of R”. Section 2
contains the mathematical background on RIFS and Section 3 the main theorems, which
we deduced for the construction of FIFs. In Section 4, we present some special cases using
the theorems of Section 3. Next, in Section 5, the box-counting dimension for a class of
FIFs is determined to ensure that the proposed construction gives indeed fractal surfaces.
Finally, in Section 6, we present some theorems that enable us to construct C? FIFs.

2 Recurrent iterated function systems

A hyperbolic IFS is defined as a pair consisting of a complete metric space (X, p)
together with a finite set of continuous contractive mappings w; : X — X, with respective
contraction factors s; for i=1,2,..., N (N = 2). The attractor of a hyperbolic IFS is the
unique set E for which E = limy_,., W¥(A4) for every starting compact set Ay, where

N
W (A4) = | Jwi(4) for all 4 € #(X),
i=1

and #(X) is the complete metric space of all non-empty compact subsets of X with
respect to the Hausdorff metric h. Iterated function systems are able to produce very
complicated attractors using only a handful of mappings.

A more general concept, which allows the construction of even more complicated sets,
is that of the RIFS, which consists of the IFS {X;w;, i=1,2,...,N} (or more briefly
{X;wi—n}), together with an irreducible row-stochastic matrix P : =(p,, € [0,1] :
v,u=1,...,N), such that

N
przL v=1,...,N. (2.1)
u=1

The recurrent structure is given by the (irreducible) connection matrix C = (C,, :
v,u=1,2,...,N), which is defined by

c L ifp,>0
"0, if puy =0
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where v,u=1,2,...,N. The transition probability for a certain discrete time Markov
process is py,, which gives the probability of transfer into state u given that the process
is in state v. Condition (2.1) says that whichever state the system is in (say v), a set of
probabilities is available that sum to 1 and describe the possible states to which the system
transits at the next step.

We define the mappings

wi(A4), pji>0

Wi,j : %(X) g %(X), with WL]'(A) = {(b pii= 0° (22)
H L
for all 4 € #(X) and the metric space
H(X)=AHX)N = H#(X)x H(X) x - x H(X) (2.3)

equipped with the metric

Ay By

| [ 4, B2

h ) . = max{h(4;,B;);i=1,2,...,N}.
Ay By

Next, we define the map

U wi(4;)

A Wi Wi ... Wiy A, jer(1)
> ~ A Wy Wy ... Wi A U wa(4;)
W AHX)-> X)W | |[=]. : : 1. [ =]® ,
A w w R 7 A ’
N N1 N2 NN N U ()
Jel(N)

where I(i)={j : pj; > 0}, fori=1,2,..., N. If w; are contractions, then W is a contraction
and there is E = (Ey, E,,...,Ey)' € #(X) such that W(E)=E and E; = Uje,(i) wi(E;), for
i=1,2,...,N. Then, the set G = U,N:1 E; is called the attractor of the RIFS {X, w;—y, P}.

Evidently,
G =1limA,.

Let A € #(X). We define the sequences {4, },en in H(X) and {An}nen in H(X)
as follows: Ag=(A4,4,...,A), A,=W(A,_1) and A4,= vazl(An),-, for n € IN, where
An= ((An)1,(An)2; ..., (An)N).

3 Fractal interpolation functions
Consider a data set
A = {(xl,ila xz,iza ) xn,ins Zil,iz,...,i,,) € I X ]R9 ik = 0) 15 LR Nka k = 15 2) ] n})

such that O=x,0 < x¢1 < "' < xn =1, Ny € N, for k=1,2,...,n, where I =[0,1]",
which contains in total (Ny +1)- (N2 + 1)+ (N, +1)= [[; _;(Nx + 1) points. In addition,
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consider a data set A = A
A= {(Rejp X2y > Znjr Zjrjpi) €T X R ji = 0,1,..., My, k= 1,2,...,n},

such that 0=3%;0 < X1 < ... < Xxm, =1, My € N for k=1,2,...,n, which contains in
total [T _;(Mx + 1) points. To simplify the notation, we set

i=(i1,i2,...,i,1)€{0,1,...,N1} X{O,l,...,Nz} X e X{O,l,...,Nn}=A0,
j=(j1,j2,...,jn)€{0,1,...,M1}X{O,l,...,Mz}X X{O,l,...,Mn}ZIB(),

and

A1={1,2,...,N1}><{1,2,...,N2}><~- 112 nja
IB] ={1,2,...,M1} X {1,2,...,M2} X X {1,2,..., n}.

Thus, we may rewrite A and A as follows:

={(x;zi) €I xR, i € Ay}, where x; = (X14,, X2y -+ > Xni,) € 1,
={(%j.Zj) eI xR, je By}, wherei;=(X1;,X2j-...%n;) €1.

We also define the sets

NG

={x,~;i€A0}, A ={.’fj;j€IBo}.

Let (e,x;k=1,2,...,n) be the standard basis of R". Furthermore, for any x € R”,
x=(X1,X2,...,X,), Wwe use the notations proj_;x, proj,x as follows:

: n—1
proj_;x = (X1,X2, ..., X;—1, X)41,--.,Xn) € R",

proj;x = (x1,%2,..,%X,-1,0, X141, ..., x,) € R".
The points of A" divide [0,1]" into [, _; N regions
Ii = [x15 -1, X1 ] X [X20—1,X25] X - X [Xi,—15 X, ],
for all i = (i, ia,...,i,) € A, while the points of A’ divide [0,1]" into [T} _; My domains
Jj=[Xij—1,X15] X [Xojo—1, X051 X 0 X [Xnjo—15 Xnj, 5

for all j=(ji, j»,...,jn) € Bi. We make the additional assumption that for every j € By,
there is at least one interpolation point that lies in the interior of J; x R. Furthermore,
we define a labelling map ¢ : A; — By : #(i)=j and the 1-1 functions & and @ (an
enumeration of the sets A; and By, respectively) such that

¢:A1_){ HNk} ¢(l _ll+(12_1)N1+ +(ln_1)Nn—1Nn—2"'N1>

@:Bw{l,z,...,HMk} B(j) = ji + (2 = DMy + -+ + (o — DMu_i My -+ My
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We define the [ _; Nk x [[;_; Nk stochastic matrix P by

: .
p = 2 if I(p—l(\;) = Jf(d?*‘(u)) (3.1)
v, 0, otherwise, ’

where 7, is the number of non-zero elements of its v-th row. Consequently, the connection
matrix C is defined as in Section 2 and the connection vector V = {vy,v2,...,0n, N, } @S
follows: v, = ®(£(P~(v))), v=1,2,...,N;--- N,.

Next, we consider [];_,; Nx mappings of the form

T T e (XY _  Tix) ) _ T i(x)
VV,‘ . I, x R Jf(,) xR : W, (Z> = <F,‘(X,Z)> = (S,‘Z +Q,(x)) , (32)

with
T1i(x1) apixy + by
T5i(x2) arixs + by
Ti(x) = : = ,
Tn,i(xn) ApiXn + bm,i

for all x=(x1,x2,...,x,) € [0,1]", Q; a Lipschitz continuous function on [0,1]", and
s;i € (—1,1), for all i € A;. The parameters s;, i € A are called vertical scaling factors.
We confine the map W; so that it maps the interpolation points that lie on the vertices
of J ) to the interpolation points that lie on the vertices of I;. Hence, we obtain the
following relations:

Tk,i(j\ck,ﬂ\fl) = xk,ikflz Tk,l‘(fck,jk) = -Xk,i;\s k = 192a e,

and

Fi (% -5, s1600 250050 dr0s)) = 250 e
for all 6 = (91,0,...,9,) € {0,1}".
It is easy to show that there exists a metric py (equivalent with the Euclidean metric)
such that W; is a contraction for all i € A;. To this end, consider the metric p; defined
on [0, 1]" as follows:

p1(x,y) = Ix1 = yil +Ix2 =yl + - + x5 — yul,

and the metric

p@((xsz)s (ys Z/)) = Pl(x’y) + 9|Z - Z,‘
defined on [0,1]" x IR, where x = (xy, X2,...,X,), ¥ =(V1, V2,---, Vu) and 0 is specified below.
Then,

po(Wi(x,z), Wi(y,2')) < p1(Ti(x), Ti(y)) + 0lsillz — 2’| + 0]1Qi(x) — Qi(y)|
<api(x,y)| + 0lsillz — 2’| + Ocpi(x, )
<

@+ 0c)pi(x,y) + 0lsil|z — 2|,
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where @= max{ax;; k=1,2,...,n, i € A;} and ¢ such that |Q;(x) — Qi(y)| < cpi(x,p), for
all x,y € [0,1]" and i € A,. If we choose 6 > 0 such that @+ cf < 1, then

pO(Wi(x’Z)z Wi(ya Z/)) <q- PO((va): (y,Z/)),

where g = max{a + Oc,|s;|;i € A,}. This means that W; is a contraction with respect to
the metric py. Thus, W (as defined in Section 2) is also a contraction with respect to the
metric . Finally, we define the diagonal matrix S = diag(sg-1(1), So-1(2)s - - - » So-1())» Where
N =TT;_, Ni and the vector s = (Sg-1(1), Sp-1(2), - - - » So-1())-

As stated above, the RIFS {[0,1]" x R, W;,P;i € A} has a unique attractor G.
In general, G is a compact subset of IR"*! containing the points of A. The following
proposition gives conditions so that G is the graph of a continuous function f. These
conditions involve points that lie on 0I; x R, for all i € A, (where 0I; is the boundary
of I,').

Proposition 3.1 Let h € C([0,1]") be a Lipschitz function that interpolates the points of A
(i.e. h(x;)=z;, i € Ay). If the RIFS defined above satisfies the conditions

Fi (proj,x + %,j,enz, h(proj,x + %,j,e2)) = h (proj; Ti(x) + x;,en) , (3.3)
F; (projix + X, j,—1€n, W(proj; x + fci,j;,le,1’i)) =h (proj;vT,-(x) + xi’il,len,,l) , (34

where j = #(i), for all x € J 44y, i=(i1,02,...,1s) € A1, A=1,2,...,n, then its attractor G is
the graph of a continuous function f that interpolates the data points. Moreover, f satisfies
the functional relation

f(x) = Fi(T7'(x0),f(T;'(x))), (3.5)

forall x € l;, i € A.

Proof Let (C([0,1]"),] - |l) be the complete metric space of the continuous functions
defined on [0, 1]", where

gl = max{|g(x)], x € [0,1]"}.

The set # ={g € C([0,1]") : g satisfies (3.3)-(3.4)} is a non-empty (h € #) complete
metric subspace. We define the Read-Bajraktarevic operator  : % — F by

7g(x) = Fi(T7 ' (x),g(T7 ' (x))),

if x € I;. In view of (3.3)~(3.4), 7 g is well defined at [0, 1]". In addition, it is easy to verify
that . is a contraction in #. Hence, 9 possesses a unique fixed point f € &, such that
T f=f. With a little bit of effort, we may deduce that the graph of f is the attractor of
the RIFS {[0,1]" x R, W;, P;i € A} (see also [4, 8]). O

We refer to functions whose graph arises as attractor of a RIFS, which satisfies the
conditions of the above proposition, as FIFs.

The relations (3.3)~(3.4) define a functional system that consists of 2 -n - [];_; Nk
equations, which associate F; with h (only at points of 0I;). Considering that F;(x,z) =s;z+
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Qi(x), we obtain the system:

(proj; Ti(x) + X1,€n;) — si - h(proj,x + X, €, (3.6)
(proj; Ti(x) + Xji,—1€n,) — si - h(proj;x + %X, —1e,;), (3.7)

Qi (projix + %iajlen’)') =
Qi (proj,x + X,j,—1n,) =

> =

forall x € J 4y, i = (i1, i2,...,0n) € Ay, j= F(i), 2=1,2,...,n, where s; are free parameters.

Remark 3.1 In Proposition 3.1, we stated that h must satisfy a Lipschitz condition. This
is necessary because otherwise Q; will not satisfy a Lipschitz condition either.

The following corollary generalises in IR” an example given in [1] for n = 1.

Corollary 3.1 Let h € C([0,1]") be a Lipschitz function that interpolates the points of A.
Consider the case

Qi(x) = H(Ti(x)) —s;i - B(x), forall x € Jgy), i€ Ay, (3.8)
where H, B are Lipschitz functions defined on [0,1]" such that

(x), for x €0l

H(x) =
B (

h(x
(x) = h(x), for x € 0J 4.

The unique attractor G of the corresponding RIFS {[0,1]" x IR, W;, P;i € A} is the graph
of a continuous function f that interpolates the points of A and satisfies

f(x)=H(x)+si(f —B)o T,Tl(x), for all x € I;, (3.9)

ie .

Proof The proof is straightforward. We may easily confirm that the conditions (3.3)—(3.4)
are satisfied. O

Remark 3.2 The FIF f associated with the RIFS of Corollary 3.1 satisfies the inequality

IS]oo

—H| <
If —HI< 20

IH — Blle, (3.10)

where |s|,, = max{|s;|,i € A;}, as we may easily conclude using relation (3.9).

4 Some special cases

In Section 3, we demonstrated that from any multivariate interpolant & one may construct
FIFs in more than one way. However, we did not present any specific method that gives
the maps of the RIFS, if one chooses a specific interpolant h. Here, we address this
problem by presenting two distinct classes of constructions.
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Let Cy be the set of all the continuous functions defined on Uje a,01;, which interpolate
the points of A. Using Proposition 3.1, we may proceed with the following construction.
We choose h € C, a priori to be a Lipschitz function, which interpolates the points
of A and define Q; from (3.6)—(3.7) on U;ea,0l;. Then Q; are Lipschitz functions (on
0J 4(;)) with constants at most 2L for all i € A;, where L is the Lipschitz constant of h.
Consequently, Q; may be extended to J 4 without increasing its Lipschitz constant (see
for example [11], p. 145). Thus, the RIFS consists of contractions, and therefore it has
a unique attractor G as stated above. Hence, using Proposition 3.1, we deduce that G
is the graph of a continuous function that interpolates the data. However, the extension
mentioned above is not trivial. Note that Proposition 3.1 involves only the points of 0I;,
i € A, and therefore the values of h on the interior of I; are not taken into account.
For that reason, we took & to be in C,. Equivalently, one may assume that h consists of
interpolants of R""! (i.e. functions that interpolate the points of the set A, ; that consists
of the points of A that their x-th ordinate is fixed and equal with x, ;, for A=1,2,..., Ny,
k=1,2,...,n). This becomes more comprehensible in the examples given later.

On the other hand, for the second class, one chooses a function H € C([0,1]") that
interpolates A and a function B € C([0, 1]") that interpolates A such that B|;;,=H|y;, for
all j € BB;. Using Corollary 3.1, a FIF is easily constructed.

Below, we give some special cases that generalise well-known constructions on R and
some others that are completely new. The first two cases use functions i defined only on
Uien,Ii, while the third case uses functions that are defined on [0, 1]".

4.1 Construction I: A generalisation of affine FIFs

Let h € Ca, then we may deduce a generalisation of affine FIFs as follows. We consider
the special case where Q; are of the following form:

Qi(x) = > ri(proj_x)xi + > qri(proj_yx), (4.1)

k=1 k=1

for all x =(x1,X2,...,X,) € J (i), where r;, qii : proj_i(J s4)) — I; are arbitrary continuous
functions such that

i (Proj_y X + X j,en-12) = rii(Proj_y ;X + X;j,—1€n-1.)

= O’
qri (Proj_j X + X jen14) = qQui(Proj_y,x + Xz, —1€n-1.) =0,

forallie Ay, x€Jyp, A=12,...,n—1, k=.+1,A+2,...,n. We show that, under the
above constraints, if we choose h a priori as a Lipschitz function, then using relations
(3.6)+(3.7) we may compute Q; in terms of the values of hlgy,, and the vertical scaling
factors s;, I € Ay, in a unique way.

Evidently, for 4 = 1, the system (3.6)—(3.7) produces the two equations:

sih(proj;x + X1 j,en1) + r1i(proj_; X)X, + qri(proj_;x) = h (proj, T(x) + xy,€n1) ,
sih(proj;x + X1 j,—1en1) + r1i(proj_; X)X j,—1 + qri(proj_;x) = h (proj; T (x) + X1,,—1€n1) ,
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for all i € A;. Therefore,

. h(proj; T (x) + X1, en1) — h(proj; T (x) + X1,—1€n1)
rl,i(pro.]flx) = 5\61 o 5\61 ‘1
sJ1 SJi—

_ S'h(projlx + X1j,en1) — h(proj x + X1, —1en1)

1

X1j = X1 ’
q1i(proj_; x) = h(proj; T (x) + x1,,—1€n1) — sih(proj; T (x) + X1,j,—1€n—1)
—r1i(proj_ 1 X)X1,j,—1
for all x € J/(,').
In general, for / > 2, we have

-1
sih(proj,x + X, ,€5.7) + E i (Proj_y ;X + X,,j,€n:)Xk + 12i(proj_;x)X;,j,
P
i1
P

and

A—1

sih(proj;x + X,j,—1en,) + E P1i(Proj_y ;X + X j,—1€n—1,2)Xk + 12i(Proj_; x)%; j,—1

k=1
A—1
k=1

Hence,

. h (proj; T (x) + x;,en;) — h (proj; T (x) + Xji,—1€5.)
r.i(proj_,x) = S <
Xhjs — X2ji—1

s h(proj/lx + )A(i,j,;en,l) - h(projlx + )?i,jz—len,).)

1]

Xajs — Xoji—1

~

1 . N . A
Ii(Proj_y ;X + X j,en—1.;) — rii(proj_y ;x + xz,j,«,f1en71,x)x

Xjn = Xhja—1

qri(Proj_j X + X, j,€n—1,2) — qri(Proj_y X + X, j,—1€n-1.)

~ o
- -

=
Il
—

Xy — X1

and

4:,i(proj_,x) = h(proj; T;(x) + X,;,—1€,,) — sih(proj,x + X; j,_1€,1)

-1

— > rki(proj_y ;x + K2,j,—1€0-12)Xk — r24(proj_;x)%,j,—1
k=1
-1

— > qri(proj_ix + % 1€n1);
k=1

for all x=(x1,...,x,), I € A;.

+ 3 qei(proj_y;x + %1.j,ea-12) + q1i(proj_;x) = h(proj; T(x) + X,,€n.)

k

+ > @i (Proj_;x + %1j,-16n-1.) + q2i(proj_;x) = h(proj; T(x) + x.;,-1€02).-

(4.2)

(4.3)
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The functions r,;, ¢,; are Lipschitz for all i € A;, 21=1,2,...,n, since h is Lipschitz.
Hence, Q; is also Lipschitz, for i € A;. Therefore, according to Proposition 3.1, the
attractor of the RIFS is the graph of a continuous function f : [0, 1]" — IR. We emphasise
that the functions r;;, ¢;; (hence the function Q;) are determined only from the values of
h on Uien, ol;.

One may select h as any multivariate interpolant. One possible selection that we
use in our examples follows. Let i € A; and consider the multivariate function of the
form

ki K
ui(x) = Z o XY X5 X (4.4)
ke{0,1}"

where k = (kyi,ka,...,k,) € {0,1}", for all x € I;. For example, for n=1, u; is the affine
function u;(x)=ax + f and for n=2, u; is the bivariate function u;(x,y)=a;x + o2y +
a3xy + oq. If we presume that u; interpolates the points of A, whose projections on [0, 1]"
are the vertices of I;, then we obtain a linear system

Ui (xi_z’zzl 5/19:1,/1) = Zi_zzzl Sien;>

for all 6 =(dy,02,...,9,) € {0,1}", which consists of 2" equations. This system can always
be solved for the map’s parameters o, 4, k € {0,1}". One possible selection of h is

h|1i = U]y,
Keep in mind, however, that only the values of h on the boundaries of I;, i € .&/; are

taken into account.

Example 1 For n = 1, relation (4.1) takes the form:
Qi(x) =rix + qi,

fori=1,2,...,Ni, x € J ;). This selection gives the well-known piecewise self-affine FIF,
which has been extensively studied [3, 18]. In this case, h is defined only on {xo, x1,..., Xy},
therefore only the values zg=h(xy), zy =h(x1),..., and zy =h(xy) are taken into ac-
count. In Figure 2, two FIFs, which correspond to the same selection of A and A, are
shown.

Example 2 For n = 2, we obtain

A= {(X,'],yiz,Zil,iz) cl x IR,lk =O, 1,...,Nk, k= 1,2},
A= {9 2jp) €1 X R;ji = 0,1,..., My, k = 1,2},
i= (il,iz) € {0,1,...,N1} X {0,1,...,N2} = Ao,

j=(j1,j2) (S {0,1,...,M1} X {0,1,...,M2} ZIB(),
Al = {1,2,...,N1} X {1,2,...,N2},
]B1 = {1,2,...,M1} X {1,2,...,M2}.
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FIGURE 2. The two FIFs shown above interpolate the points of the same set A (consisting of six
points). The difference is due to the selection of two distinct stochastic matrices.

In this case, relation (4.1) takes the form

Qi(x,y) = r1i(y)x + r2i(x)y + q1i(y) + g2i(x),
fori € Ay, (x,y) € J 4(;), where

h(xi;, T2i(y)) — h(xi,—1, T2i(y)) S.h(ﬁjl,y) —h(Xj,-1,y)
A A ] A A
Xji — Xji—1 Xji — Xji—1

>

rii(y) =

QI,i(Y) = h(xilfb Tz,i()/)) - Sih(%jlflyy) - rl,l‘(y)j\cjl*la
WT1i(x). yip) = W(T1i(x), yirm1) X, Vi) = h(x,9j,-1)

ra,i(x) = = = ~ ~
' Yip = Vp—1 Yip = Vj—1
_ i) = ri@i-1) o 01i0) = quil-1)
Vi = Pp Vi = Vi

q2i(x) = h(Ti(x), yi—1) — sih(x, §j,—1) = r1i(Pj—1)x — r2i(X)V jo—1 — q1i(Pjo—1)-

The above equations define a RIFS on R? that has a unique attractor G, which is the
graph of a continuous function f : [0, 1]*> — R. We refer to an attractor of this nature as
FIS. Clearly, the construction of f depends on the selection of h. One might say that h
consists of one-dimensional interpolants, that connect the points of A (Figures 3-5). If we
fix A, A, then for any Lipschitz function h € C, that interpolates A and for any selection
of vertical scaling factors s, we can construct a FIS fj that also interpolates A.

If we choose h as in (4.4), then we are led to a major generalisation of [6]. In this
case, the graph of h on 0I; is a closed polygonal line that connects the four vertices
of A, whose projections are the vertices of 0f;. In fact, if the interpolation points that
lie inside A N [Xj,—1,%;] X {Jy} x R or AN {X;} X [§;,—1,9;,] x IR are collinear, for all
Jj=(1,12) € By, (j,j') € By, then it is easy to show that the above construction is
identical to the one presented in [6]. Indeed, in this case, h(x;,, T»;(y)) and h(x;,_1, T2;i(y))
are affine functions of y and h(Ti;(x),y;,) and h(Ty;(x),y;,—1) are affine functions of x.
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s

3o 0

FiGure 3. A FIS that interpolates 5 x 5 interpolation points (see Table 1). The values of the
interpolation points are shown with dots. The values of h at 0I;, i € A, (i.e. the one-dimensional
interpolants) are polygonal lines and they are shown in light grey.

FIGURE 4. A FIS that interpolates 9 x 9 interpolation points (see Table 2). The values of the
interpolation points are shown with dots. The values of h at 0I;, i € A, (i.e. the one-dimensional
interpolants) are polygonal lines and they are shown in light grey.
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300
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FIGURE 5. A FIS that interpolates 9 x 9 interpolation points. The values of the interpolation points
are shown with dots. The values of h at 0l;, i € A,, (i.e. the one-dimensional interpolants) are
hermite interpolation functions (see also Table 3).

Hence, ry;(y), r2,i(x), q1:(y) and g;(x) are also affine functions, and Q; takes the form

0i(x) = ap + arx + azy + azxy.
Using equations (3.6)—(3.7), we deduce that

= h(xi,—1, Yio—1) — 8i - W(Xj,—1, Vjo—1) = Zi,—1jp—1 — SiZji—1jo—1

Qi(%j,—1,9p-1)=h

= h(xi,—1, Vi) — 8i - WX -1, D)) = ziy 14y — SiZji—1,jo>
h
h

Qi(Xj—1, 7},
Qi(Xj, V-1
Qi()?jpj}jz

= h(xi,, yip—1) = 8i - WX}, Vjo—1) = Zipjin—1 — SiZj, jo—1»

(xi1>yiz) —Si h(fcjl’j}jz) = Zii, — Si%leZ'

~—~ ~— ~— ~—

By the uniqueness of the solution of the above system, we have the result. Figures 3
and 4 show FISs defined on arbitrary interpolation points using this form of h (see also
tables 1, 2).

In Figure 5, h is chosen such that its intersection with each one of the planes x = x;,
y=y;,i=0,1,...,Ny, j=0,1,2,..., N, are Hermite-type polynomials (of degree 3), which
interpolate the corresponding points of A. For this purpose, we added to the interpolation
points arbitrary values for the partial derivatives of h as shown in Table 3. One may
choose h such that its intersections with the planes given above are splines (of any type)
or any other interpolant.

4.2 Construction II: Using partial differential equations

Next, we work with interpolants h € C’g, (i.e. functions h that are defined only on
Ujen,0I; and have continuous partial derivatives up to k-th order). Let £([0, 1]") be the
set containing all the subsets of [0, 1]" of the form

[alabl] X [aZ) b2]><9"'9 X[am bn]
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Table 1. The interpolation points, the vertical scaling factors and the connection vector
used for the RIFS shown in Figure 3. The points of A are shown with bold characters.

A

X
0 [ Z6] 2Z5] 3Z5] 25
0 | 100 090 120 100 090
67115 130 130 | 100 | 110
vy 2590 120 110| 140 | 126 | 100
320 105 120] 130 | 140 115
256 | 100 115 120 095 100

0.45 055 =05 035

05 —-085 075 —0.75
—045 085 —045 05
—0.65 —0.55 045 0.25

V'=(21,43,41321432213,4)

S =

Table 2. The interpolation points, the vertical scaling factors and the connection vector
used for the RIFS shown in Figure 4. The points of A are shown with bold characters.

A

0 | Z0] 2Z0] 3% 4% 506X [ 7B 256

0 | 100 105 115 120 090 | 105 | 110 115 110
Z677095] 080 105| 070 | 100 | 120 | 105| 120 105
2567098 095 100 | 115 110 | 105 | 095| 095 | 105
367105 110] 105 130 | 100 | 120 | 095 090 | 095
y| 4%2°7 120 115] 100 | 095 080 | 095 | 115| 095 090
520 15| 120] 100 | 110 | 090 | 070 | 090 | 070 | 100
62° | 125 100 090 | 095 105 090 | 085| 095 115
75287105 090 080 | 080 | 090 | 120 | 090 | 110 | 110
256 | 090 080 090 075, 080 095 100 | 095 085

+0.55 +0.55 —050 +0.65 +045 —-040 —-047 +0.32
+0.50 —-0.85 +40.75 —0.55 —-040 4034 —041 +0.65
—0.55 +045 —-045 4050 —-0.74 +0.72 —-0.57 —043
—-095 -055 +0.75 -0.65 +052 -035 +0.53 —045
+0.65 +0.55 —0.60 +085 +0.65 —040 —-0.67 +0.32
+0.50 —045 4055 —-0.75 —-0.60 4034 —0.61 +0.45
—0.55 +045 —0.65 4050 —-0.54 +0.75 —-047 —043
—-0.65 -055 +0.75 -0.65 +052 -0.75 +0.63 —0.25
V =(1,5,10,4,8,12,5,2,7,11,8,15,16,3,9,6,
10,11,9,5,12,5,8,1,4,9,10,16,11, 3,8, 2,
4,7,1,10,15,12,6,15,1,5,10,4,8,12,5, 2,
7,11,8,15,16,3,9,6,10,11,9,5,12,5,8,1)

and a k-th order partial differential equation (PDE) defined on the set R € #([0, 1]") such
that its solution g satisfies

glor =0, (4.5)

where v € CK(OR). Assuming that the PDE is uniquely solvable for any R € Z([0, 1]")
and v € CK@OR) and that the solution is a Lipschitz function, we consider the
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Table 3. The interpolation points used for the RIFS shown in Figure 5. The points ofﬁ are
shown with bold characters. To construct h on the borders of the grid, we used Hermite-type
interpolation polynomials. The vertical scaling factors and the connection vector are the same
as in Table 2.

0 [ ZF 2ZF] 3ZF] 4Z] SE[ 6Z°[ 7EE] 256
0 | 100] 105 115] 120| 090 | 105| 110| 115]| 110
2077095 080 105] 070| 100| 120] 105] 120| 105
2267 098] 095] 100 | 115] 110| 105] 095] 095| 105
3201 105| 110 105] 130| 100| 120] 095] 090 | 095
y| 42°] 120 115] 100| 095] 080| 095| 115| 095| 090
5287 115] 120 100| 110] 090| 070| 090 | 070 | 100
62°[ 125| 100] 090 | 095| 105| 090 085] 095| 115
7281 105] 090] 080| 080| 090 | 120| 090 | 110] 110
256 090 080 090 | 075| 080 | 095| 100| 095| 085

Th o
ox° Oy

0 gL 2Z6 [ 3O T 4B 56 T 7w 256

0 | =20, 10 |—50, —20] 50,50 | 30,40 |—50, —30] 20, 30 | 50, —60 | —10,40 | 10,20
267710, 10 | —20, 10| 50, —60 | 40,40 | —30, 20 | 30, 50 | —60, 20 | 40, =50 | 20, —10
226750, 10 | 20,10 | 50, —20 | —10,50 | 10,40 |10, —60]—20, —40| 50,60 | 40, 50
3Z6/—60, —20] —40, 50 | 60,40 | —50, —60] 20,40 | 50,60 | —10,50 | —10, 20 | 10, 50
425" 60,10 | 40,20 | 20,50 | 50,40 |—20, —30] 50, 30 |—10, =60 10,40 | 10,20
520120, —40 | —50,20 | 40,50 | —60,20 | 40,50 |60, —10 50,10 | 20,10 | 50, —20
62° 10,50 | 10,40 | 10, —60 | —20, 40 | 50, —60 | 40, 50 | —30, 20 |30, —50/ =60, —10
725/ —40, 10 | 20, —50,|—50, =60 20,40 | 50,20 [10, —50, 10,20 | 10,50 |—20, —10
256] 50, —10 | —40, 10 | 60, —20 | 40, 50 | —60, 40 |50, =60, —20, 40 | 50, —60 | —10, 50

=

operator

Pr : C*@R) = CK(R) : Zr(v) = ¢,
that assigns any function v defined on OR to the solution g of the corresponding PDE
with boundary conditions as in (4.5). We study the case where Q;(x) = H(T;(x)) —s; - B(x),
for all x € J 4(;),i € A4, as in Corollary 3.1, where

H‘li = '@I,‘ (h|al,') >
Blyiy =21, (hla‘]/li)) >

for all i € A;. In this case, the conditions of Corollary 3.1 are satisfied, thence the unique
attractor G of the corresponding RIFS is the graph of a continuous function f that
interpolates the points of A.

Example 1 We may choose the Laplace PDE

azg azg 62g
P = PP _° =0
ox? * 0x3 Tt

n

that has been extensively studied. It is interesting to see that if the interpolation points
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that lie inside A N [Xk j,—1, Xk ;] X R are collinear for all j=(ji,...,j,) € B;, k=1,...,n,
and we choose h as in (4.4), then we may easily show that for n =1, the above construction
gives the well-known affine FIFs and for n=2 the construction is identical to the one
described in Example 2 of Section 4.1, in the case where h has the same form. Evidently,
for any solvable PDE with boundary conditions as above, we obtain a different fractal
surface. The choices are limitless.

Consider now the operator

Dpndps: Ch = C(0.11") : Dypnivpsh) =1,

which assigns a FIF f to any function h defined on Ujep,0I;, that has all the partial
derivatives of order k and interpolates the points of A. The function f is the attractor of
a RIFS defined as in Corollary 3.1, where H|j, =2}, (hlor,), Bl sy = 21, (hlo i), thence

f‘]i = @y,A’,A’,P,s(h)lli = ylr(h) + s (f'.]{y.‘ - y];(i;(h)) © Ti_l, (46)

for all i € A;. We use the notation Zy,(h) =Z21,(hlar,), 21, (h) =P%4,,(hl si)) to shorten
the proof of the following proposition.

Proposition 4.1 If for any R € IR([0,1]") the operator Pr is linear and injective, then
D ppivps IS also a linear and injective operator.

Proof We may prove the linearity as follows: Consider hy, hy € Cﬁ,. Then, for all x € I;,
i € A, we have

F1x) = D i p o (11)(x) = 21, ()(x) + 53 (f1 — 2 (1)) © T (x),
F20%) = D i p (h2)(X) = 21, (h2)(x) + 53 (f2 = P (12)) © T (%),

Therefore, for any 4, u € R, i € A;, from the uniqueness of the solution of functional
equation (3.9), we have

Al + ufal, = 22 5 g o p Sl + 0D 5 i p ()11
= 221,(h) + 2si (f1ls,0 — 24,5 (1)) © T
+ 121, (hy) + psi (fals,0 — P, (h) o T;
= 21,0 + phy) + si (A1 + 1215, — Py Gy + pha)) o T;
=Dy ivps(Mhn + uh)lr;.

Evidently, from the conditions of Corollary 3.1, if 7, 5 4 p ((h) = 0, then h=0. There-
fore, the operator is injective. O

For example, the Laplace PDE satisfies the conditions of the proposition.
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FIGURE 6. (a), (b) Two multivariate C! interpolation functions H and B that satisfy the conditions
of Corollary 3.1 and Corollary 6.1. (c) The attractor of the corresponding RIFS using arbitrary
vertical scaling factors. (d) The attractor of the corresponding RIFS using vertical scaling factors
that satisfy the conditions of Corollary 6.1 is a C' function.

4.3 Construction III: Using multivariate interpolants

One may use arbitrary multivariate interpolants H and B that satisfy the conditions
of Corollary 3.1 (as in Figure 6). Below, we give a construction that is based only on
one interpolant. Consider 4 : C([0,1]") — C([0,1]") to be a linear operator such that
AB(g)los; =glos;» for j € By. For example, if ¢; : J; — J; are functions (other than the
identity function) such that c;(x) = x, for all x € 0J;, j € By, then we may choose # such
that #(g)|;jy =g oc;j. Let h € C([0,1]) be any multivariate interpolant of A (e.g. a spline).
If we set H=h and B =2%(h), then we may define the operator D, 3 p,, Which assigns a
FIF to any function & that interpolates the points of A according to Corollary 3.1. We
may prove the linearity of the operator as in equation (4.2). In [21], a similar construction,
which generalises the Fourier approximations, is presented for n=1.

5 The box-counting dimension of a class of FIFs

Let B be any non-empty compact subset of R"*! and let /(B ¢) be the smallest number
of (closed) balls of radius ¢ that cover B. Let

.. log A (B,e) R — . log A(B,¢)
D=D(B)=1 f————— D=D(B)=1 —_
(B) iminf — D) and (B) 1n£1>s0up log(1/2)



General construction of FIFs on R" 467

be the lower and upper box-counting dimension of B, respectively; if

_ . log A(B,e)
D =D(B) = £1—>m0 log(1/e)

exists, then D is called the box-counting dimension of B [2]. In the latter case, we use the
notation D = D(B) = D(B) = D(B) and say ‘B has box-counting dimension D’. In practice,
we usually use covers of closed cubes of side length (1/k"), where k € IN. If ./, (B) denotes
the smallest number of cubes of side 1/k" that cover B and

p
D — lim log A" (B)
vooo  logk?

exists, then B has box-counting dimension D. However, to compute D(B), we often
use covers that differ from those above. Assume that one uses covers from the set
{#. : ¢ > 0}, which is formed by sets of diameter ¢, and let 4”(¢) be the minimum
number of sets in %, that cover B. If we can find constant numbers ¢; and ¢, such
that ¢; A (B,e) < A7(e) < cp/(B,¢), then A(B,¢) can be replaced by A47(¢) in the
computation of D(B) (the proof is straightforward).

Henceforth, we consider the FIF described in the first case of Section 4. The functions
Q; are of the form

n n
Qix) = Y mi(proj_x)xi + Y _ qui(proj_yx),

k=1 k=1

where ry;, qi; are defined by (4.2)-(4.3) for all x = (x1,%2,...,%s) € Jg(), | € Ay We
compute the box-counting dimension of the graph G of this FIF in the case

h=uly;ep, 01,

where u is a multivariate function of the form (4.4).

Definition 5.1 The maximum range of a continuous function g inside the rectangle I < IR”
is defined by

(1) = max{[g(x) —g(y)| : x,p € I}.

Lemma 5.1 Let K be a rectangle of R" and W a map of the form

. ] x\ T(x) _ T(x)
W:K xR —>K ><1R-W<Z> - (F(x,z)) N (SZ+Q(X)>’

where Q is a Lipschitz function and T an affine function. Then for any continuous function
g : K > R, there is L > 0 such that

'%FO(T_I,goT_])(T(K)) < ‘S|%g(l<) +L- d(K)s (51)

where d(K) is the diameter of K.
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Proof The proof is straightforward. Since Q is a Lipschitz function, we have

sllz = 2| +10(x) — Q(x))|

‘F(X,Z) —F(x/,z/)| <
< sllz = 2|+ Lijx — x|,

\
\
for all x,x' € K. O

Theorem 5.1 If the points of N, A are equidistant

Xk,ip+1 — Xkejjp = 0,

X jor1 — Xk = W,
for alli € A, j € By, where 0,p € R, az% eN, k=1,2,...,n where Ny=N, M, =M,
the connection matrix C of the RIFS is irreducible and there exists a j € By such that at
least one of the points of AN(J; X IR) does not lie on the unique multivariate surface of the

Jform (4.4), which is defined by the points of AN(3J; x IR), then the box-counting dimension
of the graph is

1+log, 7,  ifA>o"!
n, otherwise

D(G) = {
where A= p(S - C).

Proof The proof follows the one presented in [6]. To compute the box-counting dimension,
we use covers of the form

@ — { {w—l W] y
o o

% contains overlapping 1/« -mesh cubes. We define,

b

n_1 n 1
x {V ”} x {b,b+ar} S Veeovr €N, be]R}.

o o

A*(r)  as the minimum number of cubes in € necessary to cover 4 and

1
A7(r)  as the smallest number of s -mesh cubes which cover A,

for r > 0. We may easily prove that A"(r) < A™(r) < 2".47(r), thus A (r) may be replaced
by A4"*(r) in the computation of the dimension.

From the irreducibility of the connection matrix C and the fact that there exists a
J € By, such that at least one of the points of AN (J,- X ]R) does not lie on the unique
multivariate surface of the form (4.4), which is defined by the points of AN (6.] ;X ]R),
we deduce that there are points (¥, 7;) € G x (I;IR), for all i € Ay, that do not lie on the
multivariate surface of the form (4.4), which is defined by the points of AN (3I; x IR). Let
V; denote this vertical distance and R; the range of f inside I;. We define the non-negative
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vectors Hy, Uy and I by

V(p—l(l) R¢—1(1)
Vq;—l(z) Rq)—l(z)
Hy = ' , U= ‘ and I=(1,1,...,1)".
V@—I(Nn) R(I)—I(Nn)
Therefore,
r n
QH, o) = N" <N ()< QU o +1)- (m “) :
where Q(U)=u; +uy+---+un», for U=(ur,uz...,un») € RV and [] the greatest integer
function. After the second iteration, we obtain o n-dimensional cubes of side -L. With

oaN*
the help of Lemma 5.1, we find that the maximum ranges are contained (as coordinates)

in the vector

1
U,=SC - U, +oc2LN,

while the heights produced are contained (as coordinates) in the vector
H, =SC-H;.

Thus,

Q(Hs o) —o"N" < N (1) < Q(Us - of + o'l - ({ “N} + 1) .
o
After « iterations, where r —p— 1 <k <r—pu, u= lﬁ)gg];] — 1 > 0, we obtain the main
inequality that is used to derive the result. This inequality is a generalisation of inequality
(8) of [6]:

r n
QH, o) — N"o"""D < 47 (r) < Q (Ut + L") - ([ “1 } + 1> ,
o—IN

where
(n—1)k+2—n
U.=SC-U._1+L N

and
H.=SC-H._;.

With the help of the Perron-Frobenius Theorem, we obtain the result (see [6] for details).
Similar remarks with the ones that follow the proof of the theorem in [6] are also in effect
in R™. O

For the general case, where the interpolation points are not equidistant, we obtain a
result similar to the one presented in [3]. The details of the computation follow closely
those of Theorem 4.2 of [3]. The main idea is to derive functional inequalities for A47(G,¢)
that can be used to estimate the behaviour of A7(G,¢) as ¢ decreases to zero. Since the
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proofs of all the following theorems are almost identical to the ones presented in [3], we
only present the crucial points.

We first introduce the class of covers that allow us to relate covers of different sizes.
For e > 0, define the set

Tem = {‘L’[ =(‘El,[1,‘52’12,...,‘cn,1n) S I;lk :0,1,...,mk, k= 1,2,...,}’1},

where I = (I, b,...,1,) e L ={0,1,....,m} x --- x {0,1,...,my}, m = (my,...,m). The
set T, is called an e-partition if

(1) Tkl € (_%s 1)9

(2) 5 <Tprt — Ty <&
forall , =0,1,....m—1, k=1,2,...,n. A cover ¥ will be called an ¢-column cover of

G with associated e-partition t,,, if there are {n;; / € L} « N and {£;; / € L} = R such
that

C={[t, T, +&] X X [t tag, ] X[+ (—De&+pel cp=1,...,n3l €L},

We define A4(¢) = min{|%| : € is an ¢-column cover of G}, where |%| is the cardinality
of &, and ./"(¢) as the minimum number of (n 4 1)-dimensional cubes of side length e.
Then the inequalities

N () K N (e) 2" N (e) (5.2)

show that ./7(¢) can be replaced by 4 (¢) in the calculation of D(G). Let A7(¢) =
min{|%| : € is an e-column cover of GN (I; x R)} for all i € A;.
The following Lemma is a generalisation of Lemma 4.2 of [3].

Lemma 5.2 There exists P;, P/ >0, i € Ay, such that, for 0 <¢ < 1,

!
Si . € P; S e P!
SN (St < |2 S o (2) + 4
4; |, a; & 4|, 4; &
iy ed g i1y € 43

where a; = max{ax;; k =1,2,...,n}, for all i € A,.

Proof If s; = 0, the proof is straightforward. We suppose that s; & 0, then W; is invertible.
Let €; be a minimal e-column cover of GN(I; X R) and let R be a typical column in %,
which consists of v (n 4 1)-dimensional cubes of side length &. The map W; has the form

w () _ (T _ [ Titx)
"\z Fi(x) iz +Qi(x))’
where Q;|;,, is a multivariate function of the form (4.4), for all k : I < J 4(;). In this case,
one can easily prove that W;! is a function of the form

1 (x\ TFI(X))
Wi (z)‘(;w;(x) ’
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where Q;|r,u,) is also a multivariate function of the form (4.4), for all k : Iy = J 4.
Therefore, using Lemma 5.1, there exists L > 0 such that W;!(R) is inside a column of

volume
e e ve
— XX — X (-l—Ls).
ai; i |s;]

Similarly, there exists L’ > 0, such that W;"!(R) contains a column of volume

P ¢ ve
XX —/— X (—L/EI).
ai; i |si]

This means, for example, that W, !(R) can be covered by

Mi § Lap+1

|sil
(n + 1)-dimensional cubes of side length *, and there are at most Z"% + 2" such
columns. From this point on, the proof is similar with the proof presented in Lemma 4.2

of [3]. 0

Theorem 5.2 Let f be a FIF defined as above, with irreducible connection matrix C and
graph G. Let S(d) = diag{géill(l)‘S(p—l(l)|,Q(dpi11(2)|s(p—l(2)‘,...,Qéill(N)‘S(p—l(N)” and let D be the
unique value so that p(S(D) - C) = 1. If p(S(n) - C) > 1 and there exist a j € B; such that
at least one of the points of AN (Jj X IR) does not lie on the unique multivariate surface of
the form (4.4), which is defined by the points of AN (GJ]- X ]R), then D(G) = D, otherwise
D(G)=n.

Proof The assumptions of the theorem ensure that lim,_,o &4 (¢) = oo, for all i € A;. To
prove this, we may use the Perron-Frobenius Theorem as in Lemma 4.3 of [3]. The rest
of the proof is similar with Theorem 4.2 in [3]. We give only the system of solutions of
the functional equalities that are associated with the inequalities of Lemma 5.2:

(rbi(Ra Vs 8) = yg_D +

- 8_”0,', i€ A. O
1—4

6 C? fractal interpolation functions

In this section, we present methods for the construction of functions of class C? using
RIFS. These functions are called in excess C? FIFs (see [17]) since they are generated
through RIFS, in spite of the fact that they are not of fractal nature. Again, the Read-
Bajraktarevic operator, defined in Section 3, plays an important role.

Theorem 6.1 Let h € CP([0,1]"), p = 0, be a function that interpolates the points of A,
such that all its derivatives of order p satisfy the Lipschitz condition. If the RIFS defined in
Section 3 satisfies the conditions

adF'O T?l’ho TTl adh
: a')Edl : Oxh : ) (I’VOJ'AX +xi,i;,—len,)v) =
1 .- 0xy

S g (Proix +ximens) s (61)
i oxd
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OF;o (T ho T7! . o
t a')fdl t axd,, l ) (pr()];yx + xi,i;,en,/l) =
1 ---0Xn

oo (proj;x + xzi,enz),  (6.2)

Sor all (dy,da,...,d,) € N" such that 0 < >\_d.=d<p, d;, > 1,if d > 0, x € 3l
i = (i1,i,...,0y) € Ay, A = 1,2,...,n, the functions F; are of class C? and the vertical

scaling factors satisfy |s;| < a;?, where a; = min{a,;; 4 = 1,2,...,n}, for all i € A, then
its attractor G is the graph of a function f of class C? that interpolates the data points.

Proof Let (C?([0,1]"),| - |lc») be the complete metric space of the continuous functions
defined on [0, 1]" that have continuous derivatives up to order p, where

Gdg
ox. . oxin

Igller = max { (x)

. x€[0,1]",d; € N such that Y "d, =d < p} .

k=1
The set # = {g € CP([0,1]") : g satisfies (6.1)~(6.2)} is a non-empty (h € &) complete
metric subspace. We define the Read-Bajraktarevic operator  : % — % by

Tg(x) = Fi(T;'(x),g(T; (%)),

if x € I;. In view of (6.1)—(6.2), 7 g is well defined in [0, 1]" and maps # on to itself. We
now prove that 7 is a contraction with respect to the || - | c» norm. Leti € Ay, g1,2, € F.
For x € I;, we have

T g1 — T g) o (g1 —g2) 1
—= )| =si| | a "] |———— (T; (x
ax’fl ...axfll” ) KE[] ¢ axﬁll ...axff” ( ( ))
Si ad(gl —22) —1
< |—| | ——=(T; .
ﬁd ax‘f‘...axﬁ” ( ! (x))

Thus,

17 g1l — 7 giller < “llgr — gl

Si < S
;:.1 Hgl |J«/“i’ - g2|J/(,i, HC/’ <X E

for all i € A, where 5 = max{|s;|,i € A}, a = min{a;,i € A}, and therefore 7 is a
contraction. Hence, J possesses a unique fixed point f € Z. O

Remark 6.1 The relation |sj| < a;?, for all i € A, ensures that the Read-Bajraktarevic
operator is a contraction with respect to the | - ||c» norm. In [5], Barnsley and Harrington
obtain the same relation (for n = 1) through integration.

Remark 6.2 Considering that Fi(x,z) = s;z + Q;(x), the relations (6.1)—(6.2) become

0'0; . . Lo on .
m (prOJAx + Xi,jﬁlen,,l) = H a;’ m (prOJA T(x)+ xa,i,«,qen,;.)
o'h

§j———
ax‘f‘ ... axﬁ”

k=1

(proj,x + %i,-1€n2) » (6.3)
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2'0i . 4 oh
———=— (proj;x + %;,j,en;) = .

4 q (p 2 i €ni
Oxy'...0xy" e

a;. 6xd’ 6xd” (proj,l T(x)+ xl,i;.en,/1>
... 0xy
o'h A
_ sim (proj;x + X.,€n,) » (6.4)
... 0xy

for all (dy,da,...,d,) € N", such that 0< S dy=d<p, d, > 1,if d > 0, x € dJ 4,
i = (inis... i) €A, A=1,2,....n.

Corollary 6.1 Let h € CP([0,1]"), p = O, be a function that interpolates the points of A
such that all its derivatives of order p satisfy the Lipschitz condition. Consider the case that

Q,-(x) = H(T,(x)) — S B(x), fOV all x € Jf(,'), ie A,

where H, B € CP([0,1]"), such that

o‘H o‘h
x) = x), for x € 0l;,
Gx‘f'...axﬁ"( ) 6x‘ll’...6xﬁ”( ) S
‘B o‘h

x) = x), for x € 0J 4(5),
ax‘f' ...axﬁ" (x) ax‘f‘ ...E)xﬁ” ), f 7
for all (dy,d>,...,d,) € N", such that 0 <Y '_;d.=d<p,d; =1, if d > 0. The unique
attractor G of the corresponding RIFS {[0,1]" x R, W;, P;i € A} is the graph of a function
f of class CP that interpolates the points of A.

6.1 An example of C' FIFs

Below we give a simple example of a RIFS satisfying the relations of 6.1. We note that in
the case where n = 1, the construction is identical to the cubic Hermite FIFs (see [19]).
Let h € C?([0, 1]"); we consider the special case where Q; are of the following form:

n 3
Qi(x) = > reii(proj_x)xj, (6.5)
k=1 =0
for all x = (x1,%2,...,%y) € J y(i), Where iy : proj_; (J ) — I; are functions of class C!
such that

Tk, (Proj—k,;.x + X j.en—1.2) = Tkil (proj_k,ix + 5‘2,_;,;—1%—1,,1) =0,
Oriy

J

) N Oy . N
(Proj_y ;X + X j.en1,) = = (pYOJ_k,gx + x,z,j,»qenq,a) =0,

0x; 0x;
forall x € 0J 53, i = (i1, i2,...,0n) € A, 1 =0,1,2,3,A=1,2,...,n—1,k = 24+1,442,...,n.
We may easily show that in this case the functional system (6.3)—(6.4) has a unique solution.
In particular, for A = 1, equations (6.3)—(6.4) become

3
riit (Proj_ix + X1j,—1en1) X% 1 = h (proj, T(x) + X1, _1€n
>J1
1=0
—sih (projlx + 561,,',716;1,1) )
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3
Z riit (Proj_ix + Xy j,en1) >ACI1,,‘171 = h (proj; T (x) + x1,en1)
1=0
— sih (proj; x + Xy,€n1) ,
3 Oh .
Z riis (proj_x + Xujen) 137 = ai=— o (proji 7 (x) + X1,-1€n1)
I=1
Oh . N
—Siaixl (prO]lx + xl,il—len,l) 5
3

. . NE oh .
Z il (PT0L1x + xl,jl—len,l) lxll,jll = a;, o (Pf0J1 T(x)+ xl,ilen,l)
=1

h
o, (proj;x + X1,en1) -

—Sin

The above system is linear and can always be solved to compute the values ry;;(proj_; x),
for1=0, 1, 2, 3, x € J 4(;), in terms of the values of the function 4 and its partial derivatives
on I; and J ;). In general, for any 4 > 1, equations (6.3)—(6.4) give a linear system that
can always be solved for r;;(proj_;x), x € J44, [ = 0,1,2,3, in terms of the values of
the function h and its partial derivatives on I; and J,; and the values ry; (proj_;x),
1 =0,1,23, k=1,2,...,2 — 1, which have been computed in the previous steps. For
example, for n = 2, we obtain the following linear systems:

U %0 %5 3. [rueO)] h(xi,—1, Tia(y)) — sih(Xj,-1, )

L X %3 %3 REEAl h(xi,, Tia(y)) — (X;,,J/) 66)
0 1 2%, 3%2_| |rua0) aihe(xi—1, To(y) — sihe(%j-1.9) |
0 1 2% 3% | [ras) aithy(xi;, Ta(y)) — sih(Xj,, y)

U dpa i 9ha ] [raio()]
{1 (G B o B 6.7)
0 1 29, 3)7/2»271 rai2(x)

0 1 2p, 392 | |ras®)]

where

h(Tit, yio—1) = sih(x, Dj—1) — r1io(Pj—1) — it (Pj—1)x — rin(Pj—1)x* — riis(Pp—1)x?
(T, yiy) — sih(x, j)jz) - rl,i,()(j/jz) - rl,i,l(j}jz)x - Vl,i,z(f/jz)xz - "1,i,3(j’j2)x3
ainhy(Tig Vip—1) — sihy(X, 9 j—1) — 1 0(Pi—1) — it D)X — i (D)X — 11 5(Pjp—1)x?
aiohy(Tig, yiy) = sihy(x, 95) = 1i0(Pi) — iy (D)X — ria (D)% — 1l 5(9),)%°

In Figure 7, we give one C! surface using the above construction.

7 Conclusions

In the present work, some new methods are introduced for the construction of FIFs on
arbitrary interpolation points placed on rectangular grids of IR". We show that these
methods generalise the construction given by Barnsley for n = 1. In spite of all previous
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\‘\
02 ‘\\ B T <
A 0.2
0 g

FIGURE 7. A C! FIS according to the construction presented in Section 6.1. The black lines are the
values of the C? interpolation function h.

attempts to generalise Barsnley’s construction, which used only the interpolation points
to construct the fractal function, our method uses values defined on the boundary of
the grid. Therefore, a multivariate interpolant is needed. We presented several interesting
examples and believe that many more may be found.

Applications of FIFs to the real line IR may be found in various areas such as
one-dimensional signal modelling and computer graphics. However, the lack of a solid
mathematical background has prevented scientists and engineers from using FIFs to
address many R"-related problems in the case where n > 1, such as the modelling of two-
dimensional signals (e.g. images) and generation of rough surfaces for use in computer
graphics. We hope that this work may prove helpful for these cases. Finally, we should
note that some interesting questions are raised. Recent works have related FIFs with
splines and Hermite interpolation polynomials of IR. Is there an analogous relation in
R"? How may FIFs be used to generalise splines in any dimension? May we construct
orthogonal wavelets using fractal functions (as in [10]) in R"?
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